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We investigate whether non-adiabatic perturbations from inflation could produce an asymmetric
distribution of temperature anisotropies on large angular scales in the cosmic microwave back-
ground (CMB). We use a generalised non-linear δN formalism to calculate the non-Gaussianity of
the primordial density and isocurvature perturbations due to the presence of non-adiabatic, but
approximately scale-invariant field fluctuations during multi-field inflation. This local-type non-
Gaussianity leads to a correlation between very long wavelength inhomogeneities, larger than our
observable horizon, and smaller scale fluctuations in the radiation and matter density. Matter
isocurvature perturbations contribute primarily to low CMB multipoles and hence can lead to a
hemispherical asymmetry on large angular scales, with negligible asymmetry on smaller scales. In
curvaton models, where the matter isocurvature perturbation is partly correlated with the primor-
dial density perturbation, we are unable to obtain a significant asymmetry on large angular scales
while respecting current observational constraints on the observed quadrupole. However in the ax-
ion model, where the matter isocurvature and primordial density perturbations are uncorrelated,
we find it may be possible to obtain a significant asymmetry due to isocurvature modes on large
angular scales. Such an isocurvature origin for the hemispherical asymmetry would naturally give
rise to a distinctive asymmetry in the CMB polarisation on large scales.
I. INTRODUCTION
The standard ΛCDM cosmology provides a remarkably good fit to current observations of the cosmic microwave
background temperature anisotropies and large-scale structure in high-redshift galaxy surveys. Nonetheless there
are hints of anomalies on the largest observable scales which appear to be hard to reconcile with a simple, almost
scale-invariant, Gaussian distribution of primordial density perturbations as expected due to quantum fluctuation in
simple inflationary models for the origin of structure.
One of the most intriguing results from cosmic microwave background (CMB) satellite experiments is the suggestion
of a weak hemispherical asymmetry in the temperature fluctuations [1–12]. The dipole statistical anisotrpoy can be
modeled by the following relation [1, 7]
δT
T
(nˆ) =
(
δT
T
)0
(nˆ)
[
1 +A0nˆ.pˆ
]
(1)
where ( δTT )
0(nˆ) is the isotropic part, nˆ is the direction in the sky, A0 is the amplitude of the hemispherical asymmetry
and pˆ is the preferred direction. The Planck collaboration finds the amplitude A = 0.073 ± 0.010 for the scales
corresponding to ℓ = 2− 64 and the preferred direction (217.5± 15.4,−20.2± 15.1) in galactic coordinates [1].
Although at first sight this appears in conflict with homogeneous and isotropic distribution of perturbations, it could
be due to a very large scale perturbation (on scales larger than our present Hubble horizon) leading to a gradient
across our observable universe [13–29] (See e.g. [30–33] for other proposals.). If temperature fluctuations on our CMB
sky are correlated with this very large scale mode then it could produce a hemispherical asymmetry in our observable
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2universe. That is, a very large scale fluctuation could spontaneously break isotropy in our observable patch while
remaining part of an isotropic distribution on far larger scales.
Another potential challenge to the simplest models of an isotropic and almost scale invariant primordial power
spectrum comes from the surprisingly low power observed in the lowest multipoles in the CMB sky. The observed
temperature fluctuations for multipole numbers ℓ < 40 appear to lie systematically below the ΛCDM predictions for an
adiabatic density perturbations. Several solutions have been proposed including broken scale-invariance, suppressing
large-scale perturbations, or running of the spectral index, or isocurvature matter perturbations (anti-)correlated
with the radiation density perturbations, which can lead to a cancellation in the large-scale temperature fluctuations
[34–36].
Either or both of these anomalies may point to the role of non-adiabatic perturbations in the very early universe.
A local-type non-Gaussianity in real space [37] leads to correlations between long and short wavelength modes in
Fourier space (corresponding to a non-zero bispectrum in squeezed configurations) of the sort which might produce
the hemispherical asymmetry on the CMB sky from very long wavelength perturbations. However local-type non-
Gaussianity is strongly suppressed in simple models of inflation that rely on a single inflaton field to drive inflation
and produce primordial density perturbations from fluctuations in that field [38–40]. Local-type non-Gaussianity can
only be produced by non-linear evolution from non-adiabatic field perturbations during inflation, requiring multiple
light fields during slow-roll inflation. These non-adiabatic field perturbations can also give rise to isocurvature matter
perturbations depending upon the subsequent evolution after inflation, which may or may not be correlated with the
primordial curvature perturbation [41].
There is no evidence of any dipole asymmetry in CMB fluctuations on smaller angular scales or in tracers of large-
scale structure, which leads to tight constraints on a simple dipole asymmetry in the primordial matter perturbations
on smaller comoving scales. Quasar observations put a lower bound A < 0.012 at 95% confidence [42]. Also a
recent analysis with Planck data put the limit of A < 0.0045 for the moments of ℓ = 601 − 2048 [43]. This again
suggests the possibility that the asymmetry is associated with isocurvature perturbations since the linear transfer
function for isocurvature perturbations is suppressed on small scales with respect to the transfer function for adiabatic
perturbations.
In this paper we present general expressions for curvature and isocurvature perturbations due to the evolution
of adiabatic and entropy field fluctuations during inflation and show how the non-linear evolution associated with
primordial non-Gaussianities can lead to hemispherical asymmetries in the CMB on large angular scales from both
curvature and isocurvature perturbations. The physical intuition behind this effect is simple: If a long wavelength
super horizon mode is responsible for asymmetry on small scale (CMB) modes, it must be due to non-adiabatic
fluctuations and non-linear evolution which correlates modes at different scales. The larger the non-linearity, the
stronger the correlations between different scales, and hence the larger is the amplitude of asymmetry.
The idea of generating dipole asymmetry from isocurvature mode is originally presented in [44] in which the authors
only considered the curvaton model. We extend the proposal to a model independent formalism so that it can be
applied to any model of isocurvature. One of the advantages of our formalism is that the relation between non-linearity
and the dipole asymmetry is manifest. We examine the formalism by applying it to the curvaton model and then, for
the first time, we also study the axion model as another possibility for generating the dipole asymmetry. Furthermore,
we obtain model independent constraints on the amplitude of the long wavelength gradient mode from low ℓ CMB
multipoles and update these constraints using recent Planck data.
It is important to recognise that we only have limited evidence for very large scale anomalies in our universe if
these are to be interpreted as random fluctuations of an underlying Gaussian distribution. We have relatively few
independent measurements of the distribution on scales approaching the observed volume, and thus the expected
cosmic variance is significant, diminishing the statistical significance of deviations from the expected value. This can
be partially addressed by seeking additional independent measurements, such as the polarisation as well as intensity of
the CMB anisotropy. We discuss possible tests of non-linear and non-adiabatic perturbations leading to hemispherical
asymmetry in our conclusions.
II. THE NON-ADIABATIC δN-FORMALISM
We will assume that the observed primordial density perturbation constrained by current observations arises from
quantum vacuum fluctuations in light scalar fields during inflation in the very early universe. Primordial adiabatic
density or curvature perturbations (e.g., at the epoch of primordial nucleosynthesis) can be identified with the per-
turbed expansion, N , from an initial spatially flat hypersurface during inflation to a uniform total density hypersurface
3in the primordial (radiation-dominated) era, due to initial field fluctuations during inflation [45–47]
ζ =
∑
A
∂N
∂ϕA
δϕA +
1
2
∑
A,B
∂2N
∂ϕA∂ϕB
δϕAδϕB + . . . . (2)
Primordial matter isocurvature perturbations correspond to a relative perturbation between the non-relativistic matter
and radiation, hence we can identify this as the difference in the perturbed expansion, ∆N , between a uniform total
matter density hypersurface and a uniform total radiation density hypersurface1 [48]
Sm = 3

∑
A
∂∆N
∂ϕA
δϕA +
1
2
∑
A,B
∂2∆N
∂ϕA∂ϕB
δϕAδϕB + . . .

 . (3)
It is convenient to write the field fluctuations during inflation, δϕA, in terms of adiabatic field fluctuations tangential
to the background trajectory in field space, δσ, and entropy fluctuations orthogonal to the background trajectory [49].
For simplicity we consider only a two-field, canonical slow-roll model with one entropy field direction, but it is
straightforward to generalise to include more fields. This allows us to simplify the expressions for the curvature and
isocurvature perturbations since the curvature perturbation, ζ, receives contributions from both adiabatic and entropy
perturbations whereas the matter isocurvature perturbation, Sm, will only be sourced by entropy field perturbations.
Following the notation in [50] we write the curvature and iso-curvature perturbations by
ζ = ζi + z1Sˆ +
1
2
z2 Sˆ
2
Sm = s1Sˆ + 1
2
s2 Sˆ
2. (4)
Note that the curvature perturbation due to adiabatic field perturbations during inflation, ζi, is well-described by a
Gaussian distribution. Second-order local-type non-Gaussianity from adiabatic field perturbations is proportional to
the scale-dependence of the power spectrum, fNL ∼ n−1 [38, 40] and hence is constrained by observation to be small.
In the above relations Sˆ is the Gaussian part of the entropy field perturbation generated during inflation. The
power spectrum for adiabatic and entropy field perturbations are given, at leading order, by
〈ζi(k)ζi(k′)〉 = 2π
2
k3
Pζi(2π)3δ3(k+ k′) (5)
〈Sˆ(k)Sˆ(k′)〉 = 2π
2
k3
PSˆ(2π)3δ3(k+ k′) (6)
with
Pζi = A2
(
k
k0
)nζi−1
(7)
PSˆ = B2
(
k
k0
)n
Sˆ
−1
(8)
where A and B are the amplitudes of the adiabatic and entropy modes, respectively. For simplicity, we assume
approximately scale-invariant spectra for both adiabatic and entropy field perturbations, i.e. nζi ∼ nSˆ ∼ 1. The
power spectrum for curvature and iso-curvature and the cross-power spectrum between the two are then given by [51]
Pζ = A2 + z21B2
PSm = s21B2
CζSm = s1z1B2. (9)
One can then define a correlation angle Θ such that
cosΘ =
CζSm√PζPSm (10)
1 The factor of 3 is conventional, so that at linear order Sm corresponds to the fractional matter density perturbation δρm/ρm on uniform
radiation density hypersurfaces.
4100 101 102 103
−0.05
0
0.05
0.1
0.15
0.2
0.25
0.3
0.35
ℓ
ℓ(
ℓ
+
1
)Cˆ
ℓ/
2
pi
FIG. 1: The solid blue line is Cadℓ , the dashed red line is C
iso
ℓ and the dotted-dashed black line is C
cor
ℓ (the difference
between power spectrum in fully correlated curvature / iso-curvature case and Cadℓ + C
iso
ℓ ). The cosmological parameters are
Ωbh
2 = 0.022,Ωch
2 = 0.12 and H0 = 67.11.
which can be written as
cosΘ = sgn(z1s1)
√
w (11)
where sgn is the sign function and w is the fractional contribution of the entropy field perturbations, Sˆ, to the
curvature power spectrum
w ≡ cos2Θ = z
2
1B2
A2 + z2
1
B2 . (12)
The CMB temperature angular power spectrum Cℓ can then be written as [44]
Cℓ = (A2 + z21B2)Cadℓ + s21B2Cisoℓ + s1z1B2Ccorℓ (13)
where Cadℓ is the adiabatic contribution to the power spectrum with Pζ = 1, and Cisoℓ and Ccorℓ are defined analogously.
Fig. 1 shows different contributions to Cℓ obtained by CAMB code with the assumption of scale invariant power
spectrum for both curvature and iso-curvature perturbations.
CMB observations are typically used to put constraints on the fractional power in the isocurvature power spectrum
β ≡ PSmPζ + PSm
=
s2
1
B2
A2 + z2
1
B2 + s2
1
B2 . (14)
where
w =
(
z1
s1
)2
β
1− β . (15)
From Planck observations [52], marginalising over the correlation angle we have the bound β < 0.075 at 95% c.l.. For a
curvaton model with completely correlated curvature and isocurvature perturbations (w = 1) we have βcurv < 0.0025
5whereas for the axion model with uncorrelated isocurvature perturbations (w = 0) we have βaxion < 0.036. Note,
however, that for the curvaton model, the Planck group assumed that the dark matter is mainly created by curvaton
decay and also that the contribution of the inflaton’s perturbation to the adiabatic power spectrum, ζi, can be
neglected.
Going beyond the leading order power spectra and considering the non-linear contributions to the curvature and
isocurvature perturbations in (4) one obtains non-Gaussian primordial distributions for the curvature and isocurvature
perturbations. Following [48] let us define different non-Gaussianity parameters fXY ZNL via
〈Xk1Yk2Zk3〉 = (2π)3δ(k1 + k2 + k3) fXY ZNL [Pζ(k1)Pζ(k2) + 2 perms.] (16)
By the above definition and using Eqs. (4), (9) and (12) one can obtain
f ζζζNL =
w2
z2
1
z2 (17)
fSζζNL =
w2
3z3
1
(s2z1 + 2s1z2) (18)
fSSζNL =
w2s1
3z4
1
(2s2z1 + s1z2) (19)
fSSSNL =
s21w
2
z4
1
s2 (20)
In the case in which z1 = z2 = 0 the above results may not apply. Instead, one has
fSSSNL =
B4s21s2
P2ζ
=
s2β
2
s2
1
(1 − β)2 (z1 = z2 = 0) (21)
while all other three point correlations vanish.
Current CMB constraints, e.g., from Planck, only directly bound non-Gaussianity in the curvature perturbation
[53]
− 9 < f ζζζNL < 15 (22)
at 95% c.l. It would be interesting to see whether there is any evidence of non-Gaussian correlations in the CMB
anisotropies associated with isocurvature perturbations.
III. CMB ASYMMETRY FROM NON-ADIABATIC PERTURBATIONS
Non-linearity in the primordial curvature and isocurvature perturbations (4) can also give rise to statistical
anisotropy across our observed CMB sky in the presence of very long wavelength entropy field fluctuations dur-
ing inflation. To see the effect of a very long wavelength entropy mode on smaller scale CMB modes, let us decompose
the Gaussian entropy field into short and long wavelength parts
Sˆ = Sˆs + Sˆl . (23)
Due to the non-linearity in Eq. (4), the small scale curvature and isocurvature modes are modulated by the long
wavelength mode Sˆl:
ζs ≃ ζsi + (z1 + z2Sˆl)Sˆs (24)
Ssm ≃ (s1 + s2Sˆl)Sˆs
in which we have neglected the quadratic terms in Sˆ2. We will see below that the correction to small scale mode due
to the presence of Sˆl leads to the dipole asymmetry in CMB temperature anisotropy. On the other hand, the long
wavelength perturbations are given by
ζl ≃ z1Sˆl + 1
2
z2Sˆl
2
(25)
Ssm ≃ s1Sˆl +
1
2
s2Sˆl
2
6where we have neglected the contribution of ζi to the long wavelength modes. Although the wavelength of the above
modes are larger than the horizon, they can have observable effects especially on low ℓ multipoles of CMB. We will
study this effect in section IV.
A single long mode Sˆl can be written as a plane wave in real space
Sˆl = Sˆkl sin(kl.x+ ϕ) (26)
which leads to an asymmetry in the observed CMB power. In the above relation kl is the momentum of the long
wavelength mode and ϕ is an arbitrary phase. To maximize the effect of long mode on dipole asymmetry we set
ϕ = 0 [13]. Using (24) one can obtain the following correction to the observed power spectrum (13) due to the long
wavelength mode
∆Cℓ ≃ 2B2Sˆl
(
z1z2C
ad
ℓ + s1s2C
iso
ℓ + (s2z1 + s1z2)C
cor
ℓ /2
)
(27)
It is clear from the last relation that the asymmetry originates from non-adiabaticity and non-linearity; in the absence
of non-adiabatic field perturbations during inflation (B = 0) or non-linearity (z2 = s2 = 0) the asymmetry vanishes.
In what follows we mainly follow the notation as well as the procedure employed in [44]. It is useful to define the
fractional correction to Cℓ by
∆Cℓ
Cℓ
= 2SˆlKℓ. (28)
where Kℓ is the maximum correction one can obtain from long mode modulation (which occurs if Sˆ
l ∼ 1) and it is
given by
Kℓ =
β
1− β ×
(z1z2/s
2
1
)Cadℓ + (s2/s1)C
iso
ℓ + (z1/2s1)(
s2
s1
+ z2z1 )C
cor
ℓ
Cadℓ + (β/1− β)
(
Cisoℓ + (z1/s1)C
cor
ℓ
) . (29)
Alternatively, one can rewrite the above equation by using the non-Gaussianity parameters
Kℓ =
z1
w
×
f ζζζNLC
ad
ℓ + (z1/s1)f
SSS
NL C
iso
ℓ +
(
fSζζNL + (z1/s1)f
SSζ
NL
)
Ccorℓ /2
Cadℓ + (s1/z1)
2 wCisoℓ + (s1/z1)C
cor
ℓ
. (30)
The latter form is intuitively more interesting. It explicitly shows the relation between non-linearity and the dipole
asymmetry. In the absence of non-Gaussianity, the dipole asymmetry vanishes as well.
Note that in the absence of the isocurvature mode, Kℓ becomes independent of scale. In this case the combination
SˆlKℓ reduces to A
0 defined in (1). However in the more general case it does depend on scale and we will require this
parameter to vanish (or to decrease in amplitude) for ℓ & 64.
Since β ≪ 1 from observational constraints, we can approximate Eq. (29) by
Kℓ ≃ β ×
(z1z2/s
2
1
)Cadℓ + (s2/s1)C
iso
ℓ + (z1/2s1)(
s2
s1
+ z2z1 )C
cor
ℓ
Cadℓ + β
(
Cisoℓ + (z1/s1)C
cor
ℓ
) . (31)
Furthermore, from Fig.1 one can conclude that for β < 0.1 (which is the case from observations), βCisoℓ ≪ Cadℓ so we
can further approximate by
Kℓ ≃ β ×
(z1z2/s
2
1)C
ad
ℓ + (s2/s1)C
iso
ℓ + (z1/2s1)(
s2
s1
+ z2z1 )C
cor
ℓ
Cadℓ + β(z1/s1)C
cor
ℓ
. (32)
Since the observational bounds on the hemispherical asymmetry has been put under the assumption of a scale
invariant asymmetry, we need to average over Kℓ’s to obtain such effective amplitude over all independent modes
from ℓmin = 2 to ℓmax = 64 at which range the asymmetry has been observed. That is, we can define
A ≡ Sˆl
ℓmax∑
ℓmin
(2ℓ+ 1)
(1 + ℓmax − ℓmin)(1 + ℓmax + ℓmin)Kℓ ≡ Sˆ
lA˜. (33)
In the case of scale independent asymmetry one can check that A = SˆlKℓ = A
0 where A0 is defined in (1). Since
Sˆl < 1, A˜ is the largest amplitude of asymmetry which can be generated in the model. To satisfy the observed
7amplitude of asymmetry we require A ≃ 0.07 which means we need to have A˜ & 0.07. At the same time, we need
Kℓ to decay to much smaller values for ℓ > 64 to satisfy the absence of dipole asymmetry observation at smaller
scales. We will check these constraints for two specific models, namely, the curvaton and axion models of dark matter
isocurvature. To see explicitly that the dipole asymmetry will decay away at smaller scales we also compute the
effective amplitude of asymmetry at smaller scales, i.e. for 600 < ℓ < 1500 and show that it would be much smaller
than the asymmetry at largest scales obtained in Eq. (33). Note that the above formalism is quite independent of
the model and can be applied to many other models of isocurvature.
IV. LOW MULTIPOLE CONSTRAINTS ON LONG-WAVELENGTH MODES
As we mentioned in the previous section the long wavelength mode can also affect the low ℓ multipoles on CMB
anisotropy besides its effect on dipole asymmetry. Requiring that this effect is small enough to be consistent with
observations puts several constraints on model parameters. In this section we investigate such constraints. We follow
the notation in [14] but will generalize it in a model independent manner. Let us start by expanding the large scale
gravitational potential in orders of (k.x)
Ψl(kl, x) = Ψkl
∞∑
n=0
αn(kl.x)
n (34)
This long wavelength gravitational potential is related to the primordial long wavelength perturbations obtained in
Eq. (25). As a results this parameter is a combination of adiabatic and isocurvature modes. We will make this
relation explicit below. Note that different powers of (kl.x) appear by replacing long wavelength modes in (25) by
the explicit expression Eq. (26) and expanding the results in powers of (kl.x).
On the other hand, the above gravitational potential is related to the temperature anisotropy by the transfer
functions
∆T
T
(kl, x) = Ψkl
∞∑
n=0
αnTn(kl.x)
n. (35)
The transfer coefficients, Tn, up to n = 3 have been computed in [14]. The multipole moments in temperature
anisotropy are then given by
aℓm =
∫ (
∆T
T
)
Y ∗ℓm(θ, φ)dΩ = Ψkl
∫ (∑
αnTn(klx)
n cosn θ
)
Y ∗ℓm(θ, φ)dΩ (36)
in which we have used kl.x = klx cos θ. Since in this expansion we have no φ dependence, this particular form of
anisotropy only contributes to m = 0 multipoles. Hence we have
aℓ0 = Ψkl
∫ (∑
αnTn(klx)
n cosn θ
)
Y ∗ℓ0(θ, φ)dΩ. (37)
In the above integral, for each ℓ the leading order non-zero contribution comes from the term n = ℓ for which we can
effectively replace cosn θ by its corresponding spherical harmonic
cosn θ → 2n (n!)
2
2n!
√
4π
2n+ 1
Yn0. (38)
Plugging this back into the integral and using the ortho-normality conditions of spherical harmonics one can obtain
aℓ0 ≃ Ψkl αℓ Tℓ (klx)ℓ
2ℓ(ℓ!)2
2ℓ!
√
4π
2ℓ+ 1
. (39)
Now we can use this formalism to compute multipoles in our model. Note that the transfer function is different for
curvature and iso-curvature perturbations, so we may decompose Ψ into two parts
Ψl,ad = −3
5
ζl = −3
5
(
z1Sˆkl(kl.x) +
1
2
z2Sˆ
2
kl(kl.x)
2 − 1
6
z1Sˆkl(kl.x)
3 + ...
)
(40)
Ψl,iso = −1
5
Ωcdm
Ωcdm +Ωb
Slm = −
1
5
Ωcdm
Ωcdm +Ωb
(
s1Sˆkl(kl.x) +
1
2
s2Sˆ
2
kl
(kl.x)
2 − 1
6
s1Sˆkl(kl.x)
3 + ...
)
(41)
8As for the transfer functions, we note that the only difference is in the SW effect while ISW and Doppler effects would
be similar for the adiabatic and iso-curvature initial conditions. Hence we have
T isoℓ = T
ad
ℓ +
5
3
(42)
Furthermore, it has been shown in [14] that the SW, ISW and Doppler effects cancel each other for ℓ = 1 for adiabatic
initial condition, so we have T ad
1
= 0 and T iso
1
= 5/3. We also have T ad
2
≃ T ad
3
≃ 0.3. Then, one can obtain the
following model independent expressions for low ℓ multipoles:
a10 ≃ −2
3
√
π
3
Ωcdm
Ωcdm +Ωb
s1Sˆkl(klx) (43)
a20 ≃ −2
3
√
π
5
[
3z2T
ad
2
+
Ωcdm
Ωcdm +Ωb
s2T
iso
2
]
Sˆ2kl(klx)
2 (44)
a30 ≃ 2
75
√
π
7
[
3z1T
ad
3 +
Ωcdm
Ωcdm +Ωb
s1T
iso
3
]
Sˆkl(klx)
3 (45)
To compare the above results to the observations we roughly estimate the upper bound by aℓ0 . 3
√
Cℓ, three times
the rms value of each multipole. Recent Planck observations then put the following upper bounds [54, 55]
a10 . 3.6× 10−3 , a20 . 1.9× 10−5 , a30 . 2.5× 10−5. (46)
From constraints on dipole and quadrupole we have
s1Sˆkl(klx) . 5.8× 10−3 (47)
[z2 + 1.7s2] Sˆ
2
kl
(klx)
2 . 3.6× 10−5 (48)
In the presence of non-linearity, the constraints from octupole are subleading.
V. ASYMMETRY IN CURVATON MODEL
We can now apply the above model independent results to specific example of a mixed inflaton+curvaton model.
The source of the non-adiabatic perturbation during inflation is the curvaton field
Sˆ = 2
δσ
σ
, (49)
in addition to the adiabatic, inflaton field perturbations, ζi = −Hδφ/φ˙. We then have in Eqs.(7) and (8)
A2 = H
2
inf
8π2MPl
2ǫinf
(50)
B2 = H
2
inf
π2σ2
. (51)
The coefficients of the linear and non-linear contributions to the primordial density from curvaton fluctuations in (4)
are given in the sudden-decay approximation by [48, 56, 57]
z1 =
R
3
(52)
z2 =
R
9
(
3
2
− 2R−R2
)
(53)
in which R is the curvaton fractional energy density defined by
R =
3ρσ
3ρσ + 4ργ
(54)
9which yields
f ζζζNL =
w2
R
(
3
2
− 2R−R2
)
(55)
Note that our expression (53) for the second-order coefficient, z2, includes the full dependence of R and hence N on
the curvaton field value, σ. Our expression reduces to that given in [44] for R ≪ 1 but is more general and remains
valid for R ∼ 1 [56]. There are several terms which start from second order in R where this correction is important.
The general relations for the coefficients for the linear and non-linear matter isocurvature perturbations, s1 and s2
in (4), are model dependent and we present here only two limiting cases.
Case I: CDM is created from curvaton decay
In this case we have [48]
s1 = 1−R (56)
s2 = − (1−R)
6
(3 + 6R+ 2R2) (57)
which yields
fSSSNL = −
27w2
2R4
(1 −R)3(3 + 6R+ 2R2) (58)
fSSζNL = −
3w2
2R3
(1−R)2(3 + 16R+ 6R2) (59)
fSζζNL = −
w2
2R2
(1 −R)(−3 + 14R+ 6R2) (60)
The dipole and quadrupole constraints simplify to
(1−R)δσ
σ
(klx) . 2.9× 10−3 (61)
(0.85 + 0.7R− 0.9R2 − 0.5R3)
(
δσ
σ
)2
(klx)
2 . 9.5× 10−6 (62)
Interestingly, the dipole constraint is automatically satisfied in the most interesting case, i.e. in the limit R→ 1 while
to satisfy quadrupole constraint we require (
δσ
σ
)
(klx) . 8× 10−3. (63)
The observed hemispherical asymmetry is given in Eq. (33) as A = A˜Sˆl where for the curvaton we have Sˆl ∼
2(δσ/σ)(kl.x). Thus to obtain the observed CMB asymmetry for low multipoles, A ∼ 0.07, given the upper bound
(63) we require A˜ & 4. As shown in figure 3, this large value for A˜ can be obtained only as R approaches unity
(its maximum value), and in fact we require R > 0.97 to obtain the observed CMB asymmetry at low multipoles.
However, in the limit R → 1 we cannot get any strong scale dependence in the amplitude of asymmetry, as is clear
from figure 2. This is because in the limit R→ 1 the matter isocurvature perturbation vanishes [s1 → 0 in Eq. (56)]
and the whole asymmetry comes from the primordial adiabatic density perturbation, for which we already know the
asymmetry does not decay at smaller scales.
Case II: Curvaton decay has negligible effect on dark matter
If the dark matter abundance is created well before the curvaton decays then we have [48]
s1 = −R (64)
s2 = −R
3
(
3
2
− 2R−R2
)
(65)
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FIG. 2: Kℓ versus ℓ when dark matter is created from curvaton decay with β = 0.075. The plots has been made for different
values of R. From top to bottom we have set R = 0.9, 0.8, 0.7, 0.6, 0.5 with the effective amplitude of asymmetry A˜ =
0.38, 0.12, 0.07, 0.05, 0.04, respectively.
which yields
fSSSNL = −3fSSζNL = 9fSζζNL = −27f ζζζNL (66)
and Kℓ simplifies to
Kℓ ≃ β
27
(
3
2
− 2R−R2
)
×
(
Cadℓ + 9C
iso
ℓ − 3Ccorℓ
Cadℓ + βC
cor
ℓ /3
)
. (67)
Note that the last two factors are not typically larger than one so one can estimate
Kℓ . 10
−1β < 10−2. (68)
Kℓ in this case, as a function of R is maximum in the limit R→ 0 or R→ 1. The dipole and quadrupole constraints
give
R
(
δσ
σ
)
(klx) . 2.85× 10−3 (69)
R
∣∣−0.7 + 0.9R+ 0.46R2∣∣ (δσ
σ
)2
(klx)
2 . 9.5× 10−6 (70)
By reducing R one can easily satisfy the above constraints, though one has to be also careful about the constraints
on the amplitude of local non-Gaussianity. However, as it is clear from figure 4, it seems the amplitude of asymmetry
is too small in this limiting cases to be able to explain the observed asymmetry.
VI. AXION MODEL
In axion model we have z1 = z2 = 0 since axion does not decay into relativistic particles and hence does not provide
a source for the primordial adiabatic density perturbation. This is an interesting property of the axion model which
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FIG. 3: The maximal asymmetry parameter A˜ defined in Eq. (33) at large scales (solid blue line, 2 < ℓ < 64) and smaller
scales (dashed red line, 600 < ℓ < 1500) as a function of R for the case in which dark matter is created from curvaton decay.
We have set β = 0.075.
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FIG. 4: The maximal asymmetry parameter A˜ defined in Eq. (33) at large scales (solid blue line, 2 < ℓ < 64) and smaller
scales (dashed red line, 600 < ℓ < 1500) as a function of R for the case in which the effect of curvaton decay on dark matter is
negligible with β = 0.075.
has an important consequence for the asymmetry; the isocurvature mode is responsible for the whole asymmetry so
the asymmetry is automatically scale dependent in the CMB and can be made consistent with observations.
The dark matter isocurvature perturbation in this model is given by [58]
Sm = r
[
2aiδa
a2∗
+
(
δa
a∗
)2]
(71)
in which r = Ωa/ΩDM is the ratio of the axion abundance to the total dark matter, δσ is the perturbation of the
axion field and we have defined
ai = Faθ (72)
a∗ = max
{
Faθ ,
Hinf
2π
}
(73)
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FIG. 5: A plot for Kℓ for axion model. In this plot we have set β = 0.036 which yields to A˜ = 0.0283.
Here Fa is the energy scale of Peccei-Quinn symmetry breaking and θ is the initial misalignment angle of the axion.
Note that the above isocurvature is compatible with observations in the limit r ≪ 1.
Since we are not interested in strongly non-Gaussian models we assume Faθ > Hinf/2π. In this case we have
s1 = s2 = 2r (74)
and
Cℓ = A2Cadℓ + s21B2Cisoℓ (75)
B = Hinf
2πai
(76)
fSSSNL =
β2
2r(1− β)2 (77)
and all other non-Gaussianity parameters vanish.
The scale dependent asymmetry Kℓ is then given by
Kℓ =
β
1− β ×
Cisoℓ
Cadℓ + βCisoℓ /(1− β)
(78)
Interestingly, Kℓ only depends on β. In the limit at which β ≪ 1 as well as βCisoℓ ≪ Cadℓ this simplifies to
Kℓ ≃ β × C
iso
ℓ
Cadℓ
. (79)
As for the constraints from low ℓ multipoles, one can easily check that the strongest constraint comes from quadrupole
which simplifies to
r1/2
(
δa
a
)
(klx) . 3× 10−3. (80)
The interesting point is that r appears here in this constraint while it does not appear in the expression (78) for
hemispherical asymmetry. Hence, one can reduce r in order to satisfy the quadrupole constraint while the asymmetry
(78) remains unchanged.
For axion isocurvature perturbations (with β ≪ 1) uncorrelated with the adiabatic density perturbation we find,
from Eq. (33), the maximal asymmetry on large scales
A˜ ≃ 0.806β for 2 < ℓ < 64 , (81)
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while on smaller angular scales we find
A˜ ≃ 0.0042β for 600 < ℓ < 1500 . (82)
Imposing the tight observational bound on the isocurvature fraction, β < 0.036, requires the asymmetry even on
large scales (81) to be small, A˜ < 0.03. However one should bear in mind that this bound is obtained assuming
isotropy (i.e., no asymmetry). If the constraints on β in an anisotropic model are relaxed then it may be possible to
obtain a larger asymmetry on large scales, closer to the observed value A ∼ 0.07, while leaving the CMB isotropic on
smaller angular scales.
Finally, we note that although the adiabatic non-Gaussianity parameter, f ζζζNL in Eq. (17) automatically vanishes in
the axion case since z2 = 0, in order to obtain a maximal value for the axion density perturbation, Sˆ
l ∼ 1, we require
r . 10−5 in Eq. (80) and hence a strongly non-Gaussian matter isocurvature perturbation, fSSSNL & 10
5β2 in Eq. (77).
VII. CONCLUSIONS
In this work we presented a general model-independent formalism relating CMB dipolar asymmetry to matter
isocurvature perturbations. We have shown that non-linearity due to non-adiabatic perturbations during inflation
can lead to a dipole asymmetry due to the correlation between a very long wavelength (super-horizon) modes today
and CMB scales. The relation between non-linearity and asymmetry can be easily understood. Any observable
effect of a very long mode on shorter wavelengths cannot be generated at first-order level simply because different
wavelengths are decoupled in the linear regime. However, at non-linear order the very long mode can interact with
shorter modes leaving observable imprints on them. Hence there should be a relation between the strength of the non-
linear interaction (i.e., the amplitude of non-Gaussianity) and the dipole asymmetry. See, for example, Ref. [59] for
more details and discussion about the relation between non-Gaussianity (in the squeezed limit) and dipole asymmetry.
We showed this relation explicitly in this work through our formalism, based on the generalised δN formalism [48],
which is independent of the specific model and can be applied to any model of dark matter (or baryon) isocurvature
fluctuations as well as the primordial adiabatic density perturbation. Besides obtaining general relations between
non-linearity and the dipole asymmetry, we derived formulae for the effect of large scale entropy perturbations on the
low ℓ multipoles of the CMB. We also updated constraints from this effect on models of dipole asymmetry due to long
mode modulations using recent Planck data.
We studied two well-known examples for generating matter isocurvature perturbations: the curvaton and axion
models. We showed that for the curvaton model, producing isocurvature perturbations correlated with the adiabatic
density perturbations at first order, it is difficult to satisfy all observational constraints while, at the same time,
generating a significant dipole asymmetry on large angular scales. For the axion model, however, we showed that
satisfying observational constraints is much easier when the isocurvature mode is un-correlated to the adiabatic mode.
On the other hand, the difficulty in this case comes from constraints on the allowed amplitude of matter isocurvature
perturbations which implies that they can only marginally generate the observed asymmetry.
It is worth to compare our results with the ones obtained in [44]. In that paper, only the curvaton model has been
considered. While our results holds for the whole range of R in curvaton model, their results are reliable only in the
non-Gaussian adiabatic limit, i.e. for R ≪ 1. Hence, the two results match at leading (linear) order in R. They,
however, considered the case in which the curvaton decays has a small but non-zero effect on dark matter. This is
somewhat similar to the axion model in the limit r ≪ 1 for which we can get rather large dipole asymmetry.
We note that existing constraints on the amplitude of isocurvature perturbations assume an isotropic distribution
across the CMB sky. These constraints may no longer be reliable in the presence of a dipole asymmetry. It would be
interesting to consider a generalised analysis allowing for a dipolar asymmetry, especially after the next Planck data
release including polarisation data.
We have considered the effect of a non-zero bispectrum in the squeezed limit, correlating short wavelength fluctu-
ations with very long wavelength modes leading to an asymmetry in the power spectrum observed on the CMB sky.
We note that at higher order, the effect of a non-zero trispectrum in the squeezed limit can lead to an inhomogeneous
bispectrum [60] and hence the possibility of asymmetry in the bispectrum being observed on the CMB sky. We await
to see if the final release of Planck data can shed new light on the wide range of asymmetries possible in the observed
CMB in the presence of very long, super-horizon perturbations .
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